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Atomic nuclei can be spontaneously deformed into non-spherical shapes as many-nucleon systems.
We discuss to what extent a similar deformation takes place in many-electron systems. To this end,
we employ several many-body methods, such as the unrestricted Hartree-Fock method, post-Hartree-
Fock methods, and the density functional theory, to compute the electron distribution in atoms. We
show that the electron distribution of open-shell atoms is deformed due solely to the single-particle
valence orbitals, while the core part remains spherical. This is in contrast to atomic nuclei, which
can be deformed collectively. We qualitatively discuss the origin for this apparent difference between
atoms and nuclei by estimating the energy change due to deformation.
I. INTRODUCTION
Atoms and atomic nuclei share common features as
quantum many-body systems of interacting fermions [1].
In atoms, the inter-particle interaction is the repulsive
Coulomb interaction between electrons, and there exists
the spherical external Coulomb potential due to the nu-
cleus. On the other hand, in atomic nuclei, the inter-
particle interaction is the attractive nuclear force be-
tween two or more nucleons, with no external potential.
Despite the differences in the fundamental interactions,
many similar properties have been observed in both sys-
tems, such as the shell structure and the magic numbers
[2, 3].
One of the most important properties of atomic nu-
clei is the collective nuclear deformation, which is ev-
idenced by the characteristic rotational spectra [4, 5].
Here, atomic nuclei are deformed as a whole, resulting in
a strong enhancement in the transition probability from
the first excited state to the ground state. This is in
marked contrast to trivial deformation seen in nuclei with
a valence nucleon outside a doubly-magic nucleus [6–8].
Since doubly-magic nuclei are, in general, spherical, such
deformation is entirely due to the valence nucleon, thus of
single-particle nature, unless the valence nucleon induces
a strong polarization effect of the core nucleus [9]. It
is known that the deformation is much more significant
for the collective deformation. Atomic nuclei may also
be deformed due to the α-cluster formation [10–19], even
though it is out of the scope of this paper. See Refs. [4, 5]
for more details.
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A natural question then arises: Can atoms be deformed
collectively as in atomic nuclei? Notice that calculations
of the atomic structure have been usually carried out by
assuming spherical symmetry [20–22]. Likewise, spheri-
cal symmetry has been usually assumed to construct the
pseudopotential for valence electrons in calculations of
molecules and solids [23–26]. It is thus widely believed
that atoms are rather spherical, in stark contrast to de-
formed atomic nuclei. What is the physical origin of this
difference? To what extent can electron distributions in
atoms be deformed collectively?
To answer these questions, in this paper we calculate
electron distributions of atoms and their deformation pa-
rameters using various numerical methods without as-
suming spherical symmetry. Namely, we use and com-
pare the unrestricted Hartree-Fock methods, the density
functional theory, and several post-Hartree-Fock meth-
ods. We shall show that atoms are not deformed collec-
tively, and the electron distribution may, at most, be de-
formed only by a few valence electrons. We also present
a qualitative model to explain the result. We shall ar-
gue that the collective deformation may take place only
if the inter-particle interaction has an attractive feature
as in nuclear systems. We, thus, show that the difference
between atoms and atomic nuclei on their deformability
originates from the different nature of the inter-particle
interactions.
The paper is organized as follows. In Sec. II, we first
detail the deformation of many-body systems, and intro-
duce a parameter β to characterize the deformation. We
then carry out numerical calculations for isolated atoms
and discuss their deformations in Sec. III. In Sec. IV, we
qualitatively compare between atoms and nuclei using
a model to estimate a change in the energy, and discuss
the origin for collective deformation. We then summarize
the paper in Sec. V. In Appendix A, we discuss the defor-
mation of neutron drops, that is, many-neutron systems
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2trapped in a harmonic oscillator potential, and exem-
plify that nuclear systems can be deformed collectively.
Appendix B summarizes the numerical data for atomic
deformation calculated in the main part of the paper.
II. COLLECTIVE DEFORMATION OF
MANY-FERMION SYSTEMS
A. Deformation parameters
Before we present the results of our calculations, let
us briefly summarize the basic concepts of collective de-
formation. Atomic nuclei in the rare earth region, such
as 154Sm and 168Er, as well as those in the actinide re-
gion, such as 234U, often exhibit characteristic spectra, in
which the energy of the state with the total angular mo-
mentum I (I = 0, 2, 4, . . . ) is proportional to I (I + 1).
These spectra are interpreted as that those nuclei are
deformed in the ground state and show the rotational
spectra given by
Erot =
I (I + 1) ~2
2I , (1)
where I is the moment of inertia for the rotational mo-
tion. An important fact is that a large number of nucle-
ons in those nuclei are involved in the deformation, and
thus such deformation is referred to as collective deforma-
tion. Indeed, the electromagnetic transition probability
from e.g., the I = 2 state to the I = 0 state (the ground
state) is significantly enhanced due to the collectivity of
deformation [5].
The collective deformation is characterized by a non-
zero value of the quadrupole moment Qij defined by
Qij =
∫ (
3rirj − δijr2
)
ρ (r) dr (i, j = x, y, z),
(2)
where ρ (r) is the density distribution. Note that there
exist several normalizations for the quadrupole moment
tensor Q. Here, we take the normalization often used
in nuclear physics [5], which is sometimes referred to as
“traceless quadrupole moment” in the context of quan-
tum chemistry.
The symmetric matrix Qij can be diagonalized to de-
fine the cartesian axes, x, y, and z in the intrinsic frame.
With the eigenvalues of Qij , the deformation parameters
βk can be defined as
βk =
√
pi
5
Qk
Ntot 〈r2〉 (k = x, y, z), (3)
where Qk is an eigenvalue of Qij and
〈
r2
〉
is the mean-
square radius given by
〈
r2
〉
=
∫
r2ρ (r) dr∫
ρ (r) dr
=
1
Ntot
∫
r2ρ (r) dr, (4)
with Ntot being the total number of particle in the sys-
tem. For atoms, Ntot is the total number of electrons
(the atomic number), Z, whereas for atomic nuclei it is
the total number of nucleons (the mass number), A.
The deformation parameter βj is closely related to the
angle-dependent radius of the system, R (θ, φ). The ra-
dius can be expanded in multipoles with spherical har-
monics Ylm as [5]
R (θ, φ) = R0
[
1 +
∞∑
l=2
l∑
m=−l
almY
∗
lm (θ, φ)
]
. (5)
The monopole part (l = 0) in the expansion is absorbed
in the definition of R0, while the dipole part (l = 1) need
not be considered since, to the first order, it merely shifts
the center of mass of the whole system without changing
its shape. If one considers only the quadrupole deforma-
tion with l = 2, after transforming to the intrinsic frame,
Eq. (5) is reduced to
R (θ, φ) = R0
[
1 + β cos γY20 (θ, φ) +
1√
2
β sin γY22 (θ, φ) +
1√
2
β sin γY2−2 (θ, φ)
]
= R0
[
1 +
√
5
16pi
β
{
cos γ
(
3 cos2 θ − 1)+√3 sin γ sin2 θ cos 2φ}] , (6)
with a′20 = β cos γ, a
′
22 = a
′
2−2 =
1√
2
β sin γ, and a′21 =
a′2−1 = 0, where the primes denote the quantities in the
intrinsic frame. Here, β > 0 and γ represent the degrees
of elongation and triaxiality [5]. Due to theD2 symmetry,
γ can be restricted to γ ∈ [0, pi/3]. In addition, γ = pi/3
with β > 0 is identical to γ = 0 with β < 0. Hence, if
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FIG. 1. A schematic picture of the collective deformation.
one only considers the axially symmetric case with both
positive and negative β, Eq. (6) can be simplified further
as
R (θ, φ) = R0
[
1 +
√
5
16pi
β
(
3 cos2 θ − 1)] , (7)
with axially symmetric shape about the z axis. In this
case, the radii in the x, y, and z directions are given by
Rx = Ry = R (pi/2, φ) = R0
(
1−
√
5
16pi
β
)
, (8)
Rz = R (0, φ) = R0
(
1 + 2
√
5
16pi
β
)
, (9)
respectively. Thus, the density distribution is spherical
for β = 0, while for β > 0 and β < 0 it becomes prolate
and oblate shapes, respectively, as shown in Fig. 1. For
a positive value of β, the z axis makes the longest axis
as shown schematically in Fig. 2.
The quadrupole deformation parameter β here cor-
responds to βz defined by Eq. (3) (to the leading or-
der, at least for a sharp-cut density distribution with
the radius R (θ, φ) [5]). Note that the condition of
Qx = Qy = −Qz/2, i.e., βx = βy = −βz/2 = −β/2,
holds for the axially symmetric case.
It should also be noted that the discussion here is based
on the the intrinsic frame. In the laboratory frame, there
is no criterion to choose the symmetry axis (that is, the z
axis) and the system would show spherical distribution,
even when it is deformed in the intrinsic frame.
Microscopically, the collective deformation discussed in
this section is intimately related to the mean-field theory.
In this picture, particles move independently in a mean
field potential, which is formed self-consistently by the
interaction among the particles. The collective deforma-
tion occurs as a consequence of spontaneous breaking of
rotational symmetry. That is, a system may be intrinsi-
cally deformed and breaks the rotational symmetry even
if the total Hamiltonian has the symmetry. This is ac-
tually a good advantage of the self-consistent mean-field
theory used in Sec. III, since a large part of the many-
body correlations can be taken into account while keeping
the simple picture of independent particles [5, 27–29].
z
xR0
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FIG. 2. A schematic picture of a collective deformation in
the xz plane. The axially symmetric shape along the z axis is
assumed. The dashed and the solid curves correspond to the
deformation parameter of β = 0 and 0.25, respectively.
B. Single-particle contribution to deformation
In connection to the deformation in atoms discussed in
the next section, it is instructive to compute the defor-
mation parameters discussed in the previous subsection
for a case with a spherical core plus a valence particle. In
this case, the quadrupole moment of the system entirely
comes from the valence particle, since Eq. (2) vanishes
for the spherical density distribution. If one assumes that
the wave function for the valence particle is given by
ψnlms (r) =
unl (r)
r
Ylm (θ, φ)χs, (10)
as a single-particle orbital in a spherical (effective) po-
tential, where χs is the spinor of the valence parti-
cle, the quadrupole moments of the whole system read
Qij = q
(sp)
ij with
q
(sp)
ij =
∫ (
3rirj − δijr2
) |ψnlms (r)|2 dr
=
∫
(3sisj − δij) r2 |ψnlms (r)|2 dr. (11)
Here, we have introduced the notation ri = rsi with
si =

sin θ cosφ (i = x),
sin θ sinφ (i = y),
cos θ (i = z).
(12)
4Substituting Eq. (10), one finds
q
(sp)
ij =
∫ ∞
0
r2 |unl (r)|2 dr
×
∫
(3sisj − δij) |Ylm (θ, φ)|2 dΩ, (13)
where dΩ is the angular part of dr. The deformation
parameter for the valence particle, that is, the single-
particle deformation parameter, then reads,
β
(sp)
i =
√
pi
5
q
(sp)
ii
〈r2〉nl
=
√
pi
5
∫ (
3s2i − 1
) |Ylm (θ, φ)|2 dΩ. (14)
Notice that the radial integral in Eq. (13) is cancelled
with the mean-square radius
〈
r2
〉
nl
=
∫ ∞
0
r2 |unl (r)|2 dr. (15)
The deformation parameter of the whole system is then
given by
βi =
√
pi
5
q
(sp)
i
Ntot 〈r2〉 , (16)
where
〈
r2
〉
=
[
(Ntot − 1)
〈
r2
〉
core
+
〈
r2
〉
nl
]
/Ntot is the
mean-square radius of the whole system with
〈
r2
〉
core
being that of the core. If one assumes the radius of the
whole system is similar to the radius of the valence or-
bital,
〈
r2
〉 ' 〈r2〉
nl
, which is reasonable in the case of
atomic nuclei, the deformation parameter is given by
βi ' β
(sp)
i
Ntot
. (17)
In contrast, in the case of atoms, valence electrons have
a larger spatial distribution and contribute more signif-
icantly than inner core electrons to the radius
〈
r2
〉
. If
one assumes
〈
r2
〉 ' 〈r2〉
nl
/Ntot, i.e., only one electron
mainly contributes to
〈
r2
〉
, one obtains
βi ' β(sp)i . (18)
Notice that when the number of valence electrons is Nval,
the deformation parameter is, instead, approximately
given by
βi '
∑
val β
(sp)
i
Nval
. (19)
Let us evaluate explicitly the single-particle deforma-
tion parameter for the pure p and d orbitals. To this end,
we define the indices of the real spherical harmonics as
follows [30]:
Y xp (θ, φ) =
√
3
4pi
sin θ cosφ, (20a)
Y yp (θ, φ) =
√
3
4pi
sin θ sinφ, (20b)
Y zp (θ, φ) =
√
3
4pi
cos θ, (20c)
and
Y xyd (θ, φ) =
√
15
16pi
sin2 θ sin 2φ, (21a)
Y yzd (θ, φ) =
√
15
16pi
sin 2θ sinφ, (21b)
Y zxd (θ, φ) =
√
15
16pi
sin 2θ cosφ, (21c)
Y x
2−y2
d (θ, φ) =
√
15
16pi
sin2 θ cos 2φ, (21d)
Y z
2
d (θ, φ) =
√
5
16pi
(
3 cos2 θ − 1) . (21e)
Using these notations, the deformation parameter β
(sp)
i
for Y jp is found to be
β
(sp)
i =
{
4
5
√
pi
5 = 0.6341 (i = j),
− 25
√
pi
5 = −0.3171 (Otherwise).
(22)
For the d-orbitals, the deformation parameter for Y jkd
((j, k) = (x, y), (y, z), (z, x)) is given by
β
(sp)
i =
{
− 47
√
pi
5 = −0.4530 (i 6= j and i 6= k),
2
7
√
pi
5 = 0.2265 (Otherwise),
(23a)
while the deformation parameters for Y x
2−y2
d and Y
z2
d
read
β
(sp)
i =
{
− 47
√
pi
5 = −0.4530 (i = z),
2
7
√
pi
5 = 0.2265 (Otherwise),
(23b)
and
β
(sp)
i =
{
4
7
√
pi
5 = 0.4530 (i = z),
− 27
√
pi
5 = −0.2265 (Otherwise),
(23c)
respectively. Note that due to higher-order deformations,
the d orbitals are not axially symmetric except the dz2
orbital, even though triaxiality vanishes (γ = 0).
III. NUMERICAL CALCULATION
In this section, the possibility of the deformation of
isolated atoms is studied numerically with the computa-
tional code Gaussian [31]. In the Gaussian code, the
5ground-state wave function and energy of atomic and
molecular systems are numerically calculated by using
the Gaussian-type basis expansion. In the calculation,
all-electron calculation can be performed for wide range
of atoms (Z ≤ 54).
First, our calculation setup is explained in Sec. III A.
Then, the results and their basic explanations are pre-
sented in Secs. III B and III C, where we shall see that
open-shell atoms have non-zero deformation parameters.
To understand clearly the mechanism of such deforma-
tions, we discuss the results in more details in Sec. III D
by analyzing the deformations of each single-particle or-
bital. Finally, a short summary of the numerical re-
sults and their physical explanations will be presented
in Sec. III E.
For convenience, the Hartree atomic unit me = ~ =
e2 = aB = 4piε0 = 1 is used, where me is the mass of
electrons, ε0 is the permittivity of vacuum, and aB =
5.2918 . . . × 10−11 m is the Bohr radius [32, 33]. The
unity of the electric quadrupole moment in the Hartree
atomic unit corresponds to 4.4866 . . . × 10−40 C m2 =
1.3450 . . . Debye A˚. Here, we use quadrupole moment of
density itself, instead of charge density, and thus Qk in
this paper corresponds to −e (< 0) times of the electric
quadrupole moment.
A. Calculation setup and deformation parameters
An isolated neutral atom with the atomic number Z
in the non-relativistic scheme is described by the Hamil-
tonian
H = −1
2
Z∑
j=1
∆j +
Z∑
j=1
Vext (rj) +
∑
1≤j<k≤Z
Vint (rj , rk) ,
(24)
where rj is the coordinate of the particle j. The external
potential Vext and the electron-electron interaction Vint
read
Vext (r) = −Z
r
, (25)
Vint (rj , rk) =
1
rjk
, (26)
respectively, where r = |r| and rjk = |rj − rk|. Here, the
atomic nucleus is assumed to be a point charge and the
spin-orbit interaction is neglected.
In this paper, the many-body Schro¨dinger equation
is approximately solved using mainly the unrestricted
Hartree-Fock (UHF) method [34–38]. To assess the de-
pendence of the many-body methods, the density func-
tional theory [39–41] with the PZ81 local density ap-
proximation (LDA) exchange-correlation functional [42]
and several post-Hartree-Fock methods are also em-
ployed. As for the post-Hartree-Fock methods, we choose
the configuration interaction [43–46] with double ex-
citations (CID) and single-double excitations (CISD),
the coupled-cluster method [47–49] with double excita-
tions (CCD) and single-double excitations (CCSD), and
Møller-Plesset many-body perturbation theory [50] with
second (MP2), third (MP3), and fourth (MP4) orders
[51–54]. For the MP4 calculation, the excitations are
restricted to single, double, and quadruple excitations
(MP4SDQ), which is simply referred to as MP4. The
calculations are performed with these post Hartree-Fock
methods, i.e., CID, CISD, CCD, CCSD, MP2, MP3,
and MP4, based on the UHF calculation. In these
post Hartree-Fock calculations, the core is not treated
as frozen.
To perform the many-body calculations, the basis
expansions with the 6-31+G [55, 56], dAug-CC-pV5Z
[57, 58], and STO-3G [59] bases are used. It should be
noted that the different bases are optimized to different
ranges of atoms: The STO-3G basis can be applied from
H atom to Xe atom. The applicable ranges of the 6-31+G
and the dAug-CC-pV5Z bases are limited to atoms from
H to Kr. In addition, the dAug-CC-pV5Z basis cannot
be applied to Mg, K, or Ca atoms.
After we obtain the electron density ρ (r) with these
numerical methods, the mean-square radius
〈
r2
〉
and
the quadrupole moments Qi are calculated according to
Eqs. (2) and (4), respectively. Here, we define the carte-
sian coordinates so that the quadrupole moment tensor
Q is diagonalized (see Eq. (3)).
To perform the calculation with the Gaussian code,
the multiplicity of the ground states has to be assumed,
which are taken from the database provided by the Na-
tional Institute of Standards and Technology (NIST) [60].
We do not assume any symmetry for the initial condi-
tion, nor use the filling approximation, in which valence
orbitals in open shells are filled with equal occupation
probabilities [61]. With this procedure, non-spherical
electron density can be described properly. After the
calculation is converged, the valence-electron configura-
tions are evaluated by using the natural orbital analysis
[62–65].
In this paper, we mainly employ the 6-31+G basis,
while the results with the dAug-CC-pV5Z and STO-3G
bases are also shown in Appendix B.
B. Systematic behaviors of atomic deformations
and their basis dependence
Let us now numerically investigate deformation in
atoms. We first show in Fig. 3 the deformation parameter
β for atoms from Li (Z = 3) to Kr (Z = 36) calculated
with the unrestricted Hartree-Fock method with the 6-
31+G basis. See Table IV in Appendix B for the actual
values. In Fig. 3, we use different symbols to classify the
nature of the atoms: The filled circles show noble-gas
(i.e., closed-shell) atoms. The filled squares show half-
closed-shell atoms; atoms with three valence electrons
occupying the outer-most p orbitals, or with five valence
electrons occupying the outer-most d orbitals. The tri-
6angles, the inverse triangles, and the diamonds show the
others; atoms with s, p, and d orbitals for the outer-most
open shell, respectively [66]. Note that the octupole mo-
ments for all the calculated atoms are found to be zero.
Spherical atoms—According to Fig. 3, all the noble-
gas atoms are spherical (β = 0), as is expected. Such
trivial results are guaranteed by the fact that all the or-
bitals for any given principal and azimuth quantum num-
bers, n and l, are either fully occupied or unoccupied, and
thus their distributions are, in total, spherical. In other
words,
∑l
m=−l |Ylm (θ, φ)|2 = (2l + 1) /4pi is a constant,
independent of the angles θ and φ.
For the other atoms, the electronic configuration of
their cores is the same as that of the noble-gas atoms.
Hence, as long as the core density is not deformed due to
non-trivial many-body effects, i.e., the polarization due
to the interaction between the core and valence electrons,
the deformation of the atom is expected to come only
from the valence electrons. Possibility of such non-trivial
deformation will be studied in details in Sec. III D, but we
can easily conclude before going to such details that the
s-block and half-closed-shell atoms should be spherical
(β = 0), as shown in Fig. 3. The valence electrons of
the s-block atoms by definition only occupy an s orbital,
and the many-body effects between the valence electrons
and the spherically symmetric core necessarily results in
a spherical electron distribution. This is the case also for
the half-closed-shell atoms: Atom with three electrons
occupying valence p orbitals, or those with five electrons
occupying valence d orbitals, are spherical in both cases,
since α-spin electrons occupy all the (2l + 1) states with
m = −l, −l + 1, . . . , l due to the Hund rule [67–71].
Open-shell atoms—For the other open-shell atoms
(p-block and d-block atoms), the deformation parame-
ters β are generally non-zero. The deformation param-
eters for the atoms with the same group show similar
tendencies, i.e., |β| ' 0.1–0.3 for the p-block atoms and
|β| . 0.01 for the d-block atoms. This shows that the na-
ture of the few valence open-shell electrons plays a major
role in determining β of the whole atom. In the context of
nuclear physics, the deformation parameter with ±0.1 or
more is regarded as a deformed nucleus (see Appendix A).
It is thus tempting to regard the atoms with |β| & 0.1 as
significantly deformed as nuclei. However, this deforma-
tion originates from single-particle valence orbitals and
thus it is misleading to regard it as collective deforma-
tion. For example, the deformation of the p-block atoms
can be understood as the valence p orbitals mainly con-
tributing to the deformation. Indeed, |β| ' 0.1–0.3 of
the p-block atoms in Fig. 3 are similar values in order of
magnitude as that of a single p orbital given by Eqs. (18)
and (22). On the other hand, the deformations of the d-
block atoms are much smaller than those of the p-block
atoms (see and compare with Eq. (23)). This implies that
one cannot regard the deformation of d-block atoms as
originating only from the single-orbital deformation. The
mechanism of the deformation and the physical origin of
this difference will be explained in Sec. III D: We will con-
clude there that the p-block atoms can be regarded as an
almost inert core plus valence p-electrons, while many-
body effects between the core and the valence electrons
are relevant in the d-block atoms. In the d-block atoms,
the core electrons tend to collectively cancel the defor-
mation of the valence d orbitals.
Exceptionally β = 0 open-shell atoms are V (Z = 23),
Co (Z = 27), Cu (Z = 29), and Zn (Z = 30). In the case
of Cu and Zn atoms, ten of the valence electrons com-
pletely occupy the valence d orbital and the remaining
one or two valence electrons occupy the s orbital. Thus,
they are trivially spherical, in the same manner as the
s-block atoms. In the case of V and Co atoms, on the
other hand, three or eight valence electrons occupy the d
orbitals. At first sight, such open-shell d-block atoms do
not seem to be trivially β = 0. However, we note that
they can be β = 0 if dx2−y2 and dz2 orbitals are occu-
pied (unoccupied) at the same time [72]. For example, d8
occupation may lead to β = 0 if the unoccupied orbitals
are dx2−y2 and dz2 orbitals. This is the case for Co atom.
For V atom, d3 occupation leads to β = 0 because dx2−y2
and dz2 orbitals are occupied at the same time.
Basis dependence—In order to guarantee that our
results presented in this section and in Fig. 3 do not de-
pend on a specific choice the basis in the calculation, we
also perform calculations with different basis sets: In ad-
dition to the 6-31+G basis used in Fig. 3 and Table IV in
Appendix B, we also use the dAug-CC-pV5Z and STO-
3G bases. The results are shown in Table V and Table
VI in Appendix B, respectively. We find that as long as
the configurations of the valence electrons are the same,
the deformation parameters β are essentially the same,
hence basis independent. We note, however, that there
are a few results with the STO-3G basis which are dif-
ferent from those with the dAug-CC-pV5Z and 6-31+G
bases, even when the configurations are the same. This
may be because the STO-3G basis set spans a smaller
space than the other basis sets, and thus the tail region
of the electron density distribution ρ (r) is not accurately
described compared with the others.
C. Many-body method dependence
Our results presented in the previous section essen-
tially remain the same, even if we employ other many-
body methods than the unrestricted Hartree-Fock (UHF)
method. As benchmark examples, Al (Z = 13), Cu
(Z = 29), and Ga (Z = 31) are selected. In Fig. 4, we
show the deformation parameters β for those atoms cal-
culated with a wide variety of different many-body meth-
ods with the 6-31+G basis. The data are shown in Ta-
ble VII in Appendix B. We find that the deformation pa-
rameters β calculated with the post-Hartree-Fock meth-
ods (CCD, CCSD, CID, CISD, MP2, MP3, and MP4)
are almost the same as those with the UHF. The excel-
lent agreement of the UHF and the post-Hartree-Fock
methods in Fig. 4 implies that the correlations beyond
7−0.3
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FIG. 3. Deformation parameter β as a function of the
atomic number Z calculated with the unrestricted Hartree-
Fock method with the 6-31+G basis. The filled circles and
the filled squares show noble-gas and half-closed-shell atoms,
respectively. The triangles, the inverse-triangles, and the di-
amonds show the others: atoms with the outer-most open-
shell s orbitals (s block), p orbitals (p block), and d orbitals
(d block), respectively. The vertical dashed lines denote the
closed-shell atoms.
Hartree-Fock may be irrelevant to the quadrupole defor-
mation.
We have also performed the DFT calculation (indi-
cated by LDA in Fig. 4) and found that the result
also agrees excellently with the UHF and post-Hartree-
Fock methods. Since the DFT method is not directly
linked to the UHF calculation, there is no a priori rea-
son why β should be the same. In principle, owing to
the Hohenberg-Kohn theorem, the DFT calculation pro-
vides the exact, i.e., the full CI, density, if the exact
exchange-correlation functional were known. In prac-
tice, the DFT results should depend on the choice of
the employed exchange-correlation functional, since only
approximated functional have been known. The excel-
lent agreement between the DFT (LDA) and the other
methods in Fig. 4, therefore, guarantees that finite de-
formation parameters presented in the previous section
and following sections are not at all artifacts of a specific
many-body approximation method.
We note that all the above results and discussions in
this section hold true for the other bases: We have per-
formed the same calculation also with dAug-CC-pV5Z
basis as shown in Table VIII in Appendix B, and ob-
tained essentially the same results as those with the 6-
31+G basis in Fig. 4 and Table VII.
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FIG. 4. Dependence of the deformation parameter β on
many-body methods with the 6-31+G basis. Data for Al (Z =
13), Cu (Z = 29), and Ga (Z = 31) are shown with circles,
squares, and triangles, respectively. For more details, see the
text.
D. Analyses with single-particle orbitals
To understand further the physical mechanism of the
atomic deformations, let us define the deformation pa-
rameter of each single-particle orbital β
(sp)
max by β
(sp)
i for
the direction of the symmetry axis of the orbital. Here,
the symmetry axis of the orbital may be different from
that of the whole atoms, i.e., the i axis for pi orbital, the
k axis for dij orbital (i 6= j 6= k), and the z axis for the
other d orbitals. Angular-momentum mixing can occur
due to the deformation, so that single-particle orbitals
in these methods can, in general, show β different from
those of the pure spherical harmonics. Specifically, as
we will see, an s orbital can show a non-zero β due to
the mixture with d orbitals. Note that β
(sp)
max is the de-
formation parameter for each single-particle orbital (see
Eq. (14)), which is divided by the radius of each orbital.
Therefore, βi of the whole atom is not a simple sum of
β
(sp)
max. Thus, a care must be taken when using them, but
they are still useful in understanding the mechanics of
the deformation microscopically.
Deformation of single-particle orbitals—Table I
shows β
(sp)
max for selected valence orbitals of some open-
shell atoms. All the data are calculated by the unre-
stricted Hartree-Fock calculation with the 6-31+G basis.
First, we find that the deformation parameters of the
valence p and d orbitals are almost the same as those
of the pure p and d orbitals given by Eqs. (22)–(23c).
This suggests that even when the atom is deformed, the
single-particle orbitals of the valence p and d electrons
are described almost as a product of the radial function
and the pure spherical harmonics. In other words, the
valence p and d electrons feel an almost perfectly spheri-
cal effective (Hartree-Fock or Kohn-Sham) potential. We
can, therefore, conclude that the density of the electrons
is almost perfectly spherical in the central region due
to the strong Coulomb force of the nucleus, resulting in
8the spherical effective potential for the valence electrons.
The electron density is deformed only in the surface and
the tail regions of the atoms described by the valence
electrons.
Deformations in the surface and degeneracy
lifting—Such deformations lead to a non-spherical effec-
tive potential in the surface and the tail regions. There
are several evidences for this. Firstly, the outer-most
s orbital can have non-zero β and become non-spherical.
This is shown in Table I as a non-zero β of the 4s orbitals,
which tend to cancel the deformation of the valence 3d
orbitals. This is due to the screening effect. That is,
the outer-most 4s electrons try to cancel the deformed
electron density of the open-shell valence 3d electrons.
We will discuss this s-orbital deformation in more details
later in this section taking Sc atom as an example.
Secondly, the orbitals with the same n and l become
non-degenerate in some cases. This can be seen in Ta-
ble II, where the quadrupole moment of q
(sp)
max, the square
radius
〈
r2
〉
, and the eigenenergies of the single-particle
orbitals εj , for Sc atoms are shown. As one can see,
the eigenenergies of the pz states become different from
those of px and py states. Since the deformation is ax-
ially symmetric and thus there is only one specific di-
rection, i.e., the orbitals along x and y axes (px and py
orbitals or dyz and dzx orbitals) remain degenerate. This
is similar to the Stark effect [73]. We note, however, that
the energy difference for the core orbitals is the order of
0.05 Hartree ' 1 eV or less, and is rather small. This is
because they have small overlap with the valence wave
functions creating the non-spherical effective potential.
On the other hand, for the open-shell outer-most va-
lence electrons, such liftings of degeneracy can be rele-
vant. For example, the outer-most electron of Al atom
occupies the 3pz orbital. If the system is completely
spherical, the 3pz orbital is degenerate with the 3px and
3py orbitals, while due to the deformation the 3px and
3py orbitals are non-degenerate to the 3pz orbital. The
eigenenergy of the 3pz orbital is −0.2099 Hartree, while
those of the 3px and 3py orbitals are 0.0121 Hartree. Due
to this degeneracy lifting, the last electron prefers to oc-
cupy the 3pz orbital instead of the equal filling of the 3px,
3py, and 3pz orbitals, leading to the deformation. It is
noted that this degeneracy lifting of p states results from
the second-order perturbation: It is caused by the defor-
mation of the core and the 3s orbital, which is induced
by the existence of the 3pz electron.
These results suggest that the dominant part of the ef-
fective potential is created by the spherical central region.
The non-spherical contribution to the effective potential
of the valence deformed electrons is sub-dominant and
can be treated as small correction.
Screening effect—Let us scrutinize deformations of
each orbital with Sc (Z = 21) atom in Table II (results
for other atoms are also shown in Table XI-IX in Ap-
pendix B). Here, Sc atom has filled 1s–3p orbitals, in ad-
dition to one 3dxy electron and two 4s electrons. The
quadrupole moments q
(sp)
z of the filled 1s–3p orbitals
TABLE I. Deformation parameters for the selected single-
particle orbitals.
Atom Orbital βjmax
Al α3pz 0.6341
Sc α3pz 0.6341
Sc α3px 0.6341
Sc α3dyz −0.4530
Sc α4s −0.0098
Sc β4s 0.0830
Ti α3px 0.6341
Ti α3pz 0.6341
Ti α3dzx −0.4530
Ti α4s −0.0063
Ti β4s −0.0530
Ni α3pz 0.6341
Ni α3dx2−y2 −0.4530
Ni α3dxy −0.4530
Ni α3dyz −0.4530
Ni α3dz2 0.4388
Ni α4s −0.0163
Ga α3px 0.6341
Ga α3pz 0.6341
Ga α3dx2−y2 −0.4530
Ga α3dyz −0.4530
Ga α3dz2 0.4576
Ga α4s −0.0008
Ga α4pz 0.6341
completely cancel each other, resulting in undeformed
spherical core. The square radii of the 1s–3p orbitals are
much smaller than those of 3dxy and 4s orbitals, so that
we can essentially regard Sc atom as a system of one 3dxy
electron and two 4s electrons orbiting around an almost
perfectly inert small spherical core. The electron in the
3dxy in the α-spin state is oblate q
(sp)
z = −2.1642 < 0.
This results in an oblate shape of Sc atom as a whole,
but the value q
(sp)
z = −0.4189 is much smaller than the
quadrupole moment of the 3dxy electron. This can be
explained by the screening effect: We can see in Table
II that the electron in the 4s orbital with β-spin state
deforms so significantly that the quadrupole moment of
the β4s electron cancels that of the α3dxy orbital. To
be more precise,
∣∣∣q(sp)z ∣∣∣ of β4s is almost the same but
slightly smaller than
∣∣∣q(sp)z ∣∣∣ of α3dxy, which suggests that
the quadrupole moment of the α3dxy electron is almost
but not perfectly cancelled, resulting in a small but finite
deformation of Sc atom. On the other hand, the 4s elec-
tron in the other spin state (i.e., α4s) is deformed much
less than β4s electron, and does not contribute so much
to the screening. This is because the Coulomb repulsion,
which is the key for the screening effect (see Sec. IV),
is relevant between different spin states, while the Pauli
principle makes the effects of the Coulomb repulsion be-
tween the same spins weaker.
Similar situations also occur in the other atoms pre-
sented in Table I. For Ti atom (see also Table XI in Ap-
9pendix B), the large deformation is due to the α3dyz and
the α3dzx orbitals, and in total the deformation is pro-
late (β > 0). The β4s orbital is deformed to cancel the
deformation of the α3d orbitals. The α4s orbital is also
deformed but because the effects of the Coulomb repul-
sion is weakened by the Pauli principle, the deformation
is much smaller. For Ni atom (Table XII in Appendix B),
the large prolate deformation created by the β3dz2 orbital
is slightly cancelled by the α4s electron [74].
In the case of Ga atom (see also Table XIII in Ap-
pendix B), the large prolate deformation is due to the
α4pz orbital q
(sp)
z = 11.1659 > 0. With the same ar-
gument, we might expect that the β4s orbital should
be largely deformed and cancel that of the α4pz orbital.
However, the β4s orbital has rather small quadrupole
moment q
(sp)
z = 0.0139. It, therefore, does not can-
cel the deformation of the α4pz orbital, resulting in
Qz = 11.1576 of Ga atom as a whole. This is because〈
r2
〉
of the 4s orbital is much smaller than that of the
α4pz orbital, and thus the wave function of the 4s or-
bital does not have enough overlap region with the α4pz
orbital to cancel its deformation.
We can also see the importance of the radii by com-
paring Sc, Ti, and Ni data in Tables II, XI, XII. For
Sc atom, the quadrupole moment of the valence d elec-
tron is almost perfectly cancelled. On the other hand, it
is marginally cancelled for Ti atom, while it is slightly
cancelled for Ni atom. This behavior can be easily un-
derstood by noting that radius of the valence d orbital
gets smaller as the atomic number increases:
〈
r2
〉
= 3.8,
2.9, and 1.5 Bohr2 for Sc, Ti, and Ni atoms, respectively.
The overlap between the valence d orbital and the 4s
orbital gets smaller, which explains why the screening ef-
fects gets weaker as the atomic number increases in these
atoms.
Moreover, the deformation of the d-block atoms be-
comes further smaller due to the radius of the valence
single-particle orbitals, compared to that of the p-block
atoms. The order of
∑
m
〈
r2
〉
n1
= 3
〈
r2
〉
n1
for the va-
lence p orbital is the same as that of Z
〈
r2
〉
for the whole
atom and thus |β| of the p-block open-shell atoms are
large, whereas the order of
∑
m
〈
r2
〉
n2
= 5
〈
r2
〉
n2
for the
valence d orbital is smaller than that of Z
〈
r2
〉
, since the
s orbital with the principal quantum number n+ 1 is, in
general, also occupied.
Systematic behavior of β—With all these physical
arguments, we can now fully understand the results in
Fig. 3: We have found there that the p-block and d-
block atoms can be deformed, but the deformation is
much smaller for the d-block atoms compared with the
p-block atoms showing single-particle-like deformation.
This result can be explained by noting that the screening
effects of the outer-most s orbital are rather significant
for the d-block atoms, as discussed above for Sc, Ti, and
Ni atoms. On the other hand, the outer-most valence
p orbital of the p-block atom has much smaller overlap
with the outer-most s orbital, so that the deformation
TABLE II. Mean-square radius
〈
r2
〉
nl
, single-particle
quadrupole moment q
(sp)
z , and deformation parameter β
(sp)
z
for single-particle orbitals of Sc atom calculated by the unre-
stricted Hartree-Fock method with 6-31+G basis. The single-
particle energy of each orbital εj and corresponding natural
orbital (NO) are also shown.
Spin NO εj
〈
r2
〉
nl
q
(sp)
z β
(sp)
z
α 1s −165.8952 0.0073 0.0000 0.0000
α 2s −19.0956 0.1393 0.0000 0.0000
α 2pz −15.6861 0.1162 0.0930 0.6341
α 2px −15.6830 0.1164 −0.0466 −0.3171
α 2py −15.6830 0.1164 −0.0466 −0.3171
α 3s −2.5988 1.3396 −0.0031 −0.0018
α 3px −1.6232 1.6265 −0.6506 −0.3171
α 3py −1.6232 1.6265 −0.6506 −0.3171
α 3pz −1.5893 1.6107 1.2886 0.6341
α 3dxy −0.3375 3.7873 −2.1642 −0.4530
α 4s −0.2171 17.4198 −0.2152 −0.0098
β 1s −165.8951 0.0073 0.0000 0.0000
β 2s −19.0832 0.1391 0.0001 0.0007
β 2pz −15.6837 0.1162 0.0929 0.6341
β 2px −15.6657 0.1161 −0.0464 −0.3171
β 2py −15.6657 0.1161 −0.0464 −0.3171
β 3s −2.5451 1.3370 0.0387 0.0230
β 3pz −1.5798 1.6156 1.2925 0.6341
β 3px −1.5273 1.6196 −0.6478 −0.3171
β 3py −1.5273 1.6196 −0.6478 −0.3171
β 4s −0.2051 18.5388 1.9406 0.0830
Total 53.1312 −0.4189
caused by the valence p orbital remains unscreened.
Since deformation of the p-block atoms originates from
single-particle-like deformation, atoms whose configura-
tions of valence electrons are p1 and p4 always show pro-
late (β > 0) deformation and the last electron occupies
pz orbital. In contrast, atoms whose configurations of va-
lence electrons are p2 and p5 always show oblate (β < 0)
deformation and the last two electrons occupy px and py
orbital. Since deformation of the d-block atoms induces
the screening as discussed above, the deformation is small
and the tendency is rather complicated.
E. Short conclusion
Before going to the qualitative discussion which will
augment our results in this section by a qualitative
model, let us summarize the results of the numerical cal-
culations and the discussions in this section.
Firstly, as shown in Fig. 3 the closed-shell and half-
closed-shell atoms are exactly spherical. The density dis-
tribution of the core electrons are spherical since it is the
same as the noble-gas electronic configuration. Thus,
the deformation comes from open-shell valence electrons.
Since the valence orbital of the s-block atoms are also
exactly spherical, only the p- or d-block atoms can be
deformed, in principle. We find numerically that the de-
10
formation of the p-block atom is as large in order of mag-
nitude as that of a single p-orbital deformation, while d-
block atoms are much less deformed. The extremely tiny
deformation of the d-block atoms are explained by the
screening effect, where the outer-most s electrons are de-
formed to cancel the deformations of the inner d valence
electrons and the radii of the valence electrons. The p-
block atom is almost intact by the screening effect since
the radius of the p-orbital is larger than that of s elec-
trons.
Therefore, the deformations of the electron density in
atoms are at most originating from the single-particle
orbitals of a few valence electrons, and there is no col-
lective deformation. Rather, many-body effects in atoms
disfavor deformations. With such tiny deformations, the
effective potential is slightly deformed only in the surface
and the tail (i.e., the valence electron) regions, but the
dominant part remains spherical. This justifies the use of
spherically symmetric effective potentials or density func-
tionals in the conventional atomic structure calculations
[22, 25, 75].
This is in stark contrast with nuclear systems. It is well
known that nuclei can be deformed significantly via col-
lective many-body effects, and they often have |β| & 0.3
[5, 76]. In Appendix A, we exemplify this with model
calculations for nuclear many-body systems. In the fol-
lowing section, we attempt to explain with a simple quali-
tative model why there is no collective deformation in the
atoms whereas it exists in atomic nuclei.
IV. QUALITATIVE DISCUSSION
In the previous section and in Appendix A, we have
shown that electrons in atoms are much less likely to
deform than nucleons in nuclei. We argue in this sec-
tion that this difference physically originates from the
nature of the inter-particle interactions: the repulsive
Coulomb interaction between the electrons and an at-
tractive nuclear force between the nucleons. To illustrate
this point, we closely follow Refs. [77, 78] and consider
deforming a spherical wave function |Ψ0〉 of the Hamil-
tonian H = T + V with the following canonical transfor-
mation:
|Ψβ〉 = eβ[H,Q] |Ψ0〉 (27)
Q = m
N∑
i=1
[
z2i −
1
2
(
x2i + y
2
i
)]
(28)
where m and xi, yi, zi are the mass and coordinates of
the particles. This transformation induces quadrupole
deformation of the many-body wave function in the form
of
Ψβ (x1, y1, z1, x2, y2, z2, . . .)
= Ψ0
(
eβx1, e
βy1, e
−2βz1, eβx2, eβy2, e−2βz2, . . .
)
, (29)
that is, it makes the wave function shrunken in the x- and
y-axes, and elongated in the z-axis directions when β is
positive. When the absolute value of the deformation
parameter β is small, the one-body density ρβ of the
system |Ψβ〉 is, indeed, found to be proportional to β:
ρβ (x, y, z) = ρ0
(
eβx, eβy, e−2βz
)
= ρ0 (x, y, z)
− β
√
16pi
5
rY20 (θ, φ)
dρ0 (x, y, z)
dr
+O
(
β2
)
.
(30)
Let us consider how the energy of the system changes
when we induce an infinitesimal quadrupole deforma-
tion |β|  1 with this transformation to a spherically
symmetric system ρ0 (r) = ρ0 (r). The kinetic part
T = −∑Ni=1 ~2∇2i2m of the Hamiltonian changes as
〈Ψβ |T |Ψβ〉 =
(
1
3
e−4β +
2
3
e2β
)
〈Ψ0|T |Ψ0〉 . (31)
We can therefore see that the kinetic energy increases
with the deformation
〈Ψβ |T |Ψβ〉 − 〈Ψ0|T |Ψ0〉 ' 4β2 〈Ψ0|T |Ψ0〉 > 0. (32)
The interaction part, on the other hand, can favor de-
formation depending on the nature of the interaction.
To see this point, let us consider the direct part of the
two-body interaction energy characterized by one-body
density ρβ (r):
1
2
∫
V (|r − r′|) ρβ (r) ρβ (r′) dr dr′
= 2pi
∫∫
V0 (r, r
′) ρ0 (r) ρ0 (r′) r2 dr r′2 dr′
+
16piβ2
5
∫∫
V2 (r, r
′)
dρ0 (r)
dr
dρ0 (r
′)
dr′
r3 dr r′3 dr′
+O
(
β4
)
, (33)
where we have used the partial wave expansion of the
interaction V (|r − r′|) = ∑l,m Vl (r, r′)Yl,m (r)Y ∗l,m (r′)
and Eq. (30). For both electrons in atoms and nucleons
in nuclei, the one-body density is generally a decreasing
function of r, except for a surface region (this will be
discussed later in this section), so that it is reasonable to
assume dρ0/dr ≤ 0 in the most region. Therefore, the di-
rect part of the interaction energy favors the quadrupole
deformation when V2 < 0. For electrons in atoms, the
Coulomb interaction between the electrons reads
V2 (r, r
′) =
4pi
5
r2<
r3>
, (34)
where r< and r> are smaller and greater ones of r and r
′,
respectively. Since V2 is positive, the electrons in atoms
are unlikely to deform. Notice that the potential between
the electrons and the nucleus in an atom is spherical,
and does not contribute to the β-dependence of the total
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energy, as long as the expansion in Eq. (30) is valid (|β| 
1).
On the other hand, the interaction between the nucle-
ons in nuclei can have V2 < 0. We note that the interac-
tion between the nucleons are not yet rigorously known,
but it basically comprises of the long-range Yukawa at-
tractive force originating from one-pion exchange and the
short-range repulsive force [79–83]. These combined to-
gether have a net attractive effect between the nucleons,
which results in a bound state of a proton and a neutron
(i.e., deuteron) [84, 85], and in a large negative scattering
length between the neutrons [81, 82]. We also note that
an effective in-medium nucleon-nucleon interaction used
in nuclear many-body calculations in general has a net
attractive effect [86]. For the purpose of our qualitative
discussion in this section, a simple delta-function attrac-
tive force V (r) = −gδ(3) (r) with a parameter g > 0
suffices to model this net nuclear force between the nu-
cleons. The multipole expansion of this potential reads
V2 (r, r
′) = −gδ (r − r′) /rr′ ≤ 0, leading to a decrease
of the interaction energy with the deformation. If this
decrease is larger than the increase of the kinetic energy
in Eq. (32), the system is likely to deform.
From these qualitative discussions, we can see that dif-
ference in the nature of the interaction is the key in un-
derstanding why atoms do not tend to deform collec-
tively while nuclei do. As the above discussions for the
quadrupole deformation also apply to the higher order
multipole deformations at any order, we can make the
following general statement: The multipole component
of the inter-particle interaction must be attractive for
the system to undergo significant collective deformations.
The Coulomb force between the electrons have repulsive
multipole components for all orders, and therefore they
are unlikely to deform in any shape, as numerically found
in the previous section. On the other hand, the nuclear
force has attractive multipole components, and a nucleus
is likely to deform in a shape to maximize the interaction
energy gain.
The above model discussion is closely related to the
screening effects of electrons numerically found and dis-
cussed in Sec. III. The screening effect occurs due to
the repulsive Coulomb interaction, which aims to de-
crease any charge imbalance and attains charge neutral-
ity. Therefore, the above argument based on the multi-
pole component of the interaction is consistent with the
screening effect. We have also found in Sec. III that the
deformations of atoms occur only in the valence electron
region for p- and d-block atoms. We can alternatively
explain this by using the above argument: We have as-
sumed in the above model argument that dρ0/dr ≤ 0.
While this assumption is valid for closed shell atoms and
also for open-shell atoms in their central region, the elec-
tron density usually oscillates for open-shell atoms in the
surface region: The electron density in the surface re-
gion is mostly determined by the wave function of the
outer-most valence electrons ψnlm (r, θ, φ), which show
oscillations with r when n > 1. Thus, dρ0(r)dr
dρ0(r′)
dr in
Eq. (33) can be negative, so that the deformations may
be energetically allowed in the valence region. This qual-
itatively explains why atoms can be deformed only in the
valence electron region.
We note that we have neglected in the above discussion
the exchange-correlation part in evaluating the interac-
tion energy [Eq. (33)]. In the Hartree-Fock theory and
the density functional theory, the exchange or exchange-
correlation part is generally found to be sub-dominant
than the direct part contributions for electrons in atoms
[25, 41, 75, 87]. We have, therefore, only considered
the direct part in our basic qualitative discussions above,
while one needs to include the exchange-correlation part
for more elaborated descriptions. In particular, for elec-
trons in the surface region of atoms (i.e., the valence or-
bital), the exchange-correlation part becomes more im-
portant compared with the central region, because the
density is rather small and thus the electrons are strongly
correlated [41, 75, 88]. Our model discussion on the sur-
face region of atoms, therefore, should be at best quali-
tative one. In the nuclear DFT, on the other hand, the
direct and exchange parts are usually not considered sep-
arately. Rather, a short-range attractive effective interac-
tion V (|r − r′|) in Eq. (33) is often used whose shape and
parameters are chosen to reproduce well nuclear prop-
erties measured in experiments [86, 89, 90]. Thus, the
above argument based on Eq. (33), ostensibly consider-
ing only the direct part of interaction energy, naturally
contains many-body correlation effects, including those
due to the three-body and tensor interaction, and there-
fore should be valid even though atomic nuclei are rather
strongly correlated.
While we have shown that atoms in their ground states
are unlikely to be deformed significantly, we may expect
larger deformations in more exotic atomic systems. As
can be seen in our qualitative discussion above, atoms
may be deformed if the condition dρ0/dr ≤ 0 does not
hold or if the exchange-correlation term dominates than
the direct term. These are often the cases for highly
excited atoms. In particular, we can expect that Rydberg
atoms [91–93], which have electrons in excited states with
extremely large principal quantum numbers, may show
significant deformations. While the Rydberg atoms with
one electron excited to such orbital will trivially show a
deformed shape representing the single-particle orbital,
they may show non-trivial collective deformations when
more than one electrons are excited in the Rydberg orbits
[93].
V. CONCLUSION
We have studied numerically whether the electron dis-
tribution of atoms can be deformed. We have calculated
the deformation parameters for various atoms with a
wide variety of different many-body methods, and have
found that the noble-gas, half-shell-closed, and s-block
atoms are spherical, while the p- and d-block atoms are
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deformed. The deformations of the p- and d-block atoms
are neither collective nor significantly deformed. We have
shown that the core part remains spherical even for these
atoms, and their deformations originate from a few va-
lence electrons. Therefore, the deformations of the atoms
are at most of a single-particle nature of a few valance
electrons: Atoms do not deform collectively, in contrast
to nuclei. We have also shown that the many-body ef-
fects of electrons in atoms tend to make the deformations
smaller due to the screening effect.
Owing to the deformation, the self-consistent effective
mean-field potential for p- and d-block atoms is slightly
deformed in the surface and the tail region. Therefore,
the core electrons are still eigenstates of angular mo-
mentum and are described by single spherical harmon-
ics, whereas the valence electrons are not. We have
found numerically that the degeneracy of the valence
electrons are indeed lifted due to this effect, but the ef-
fect is 0.05 Hartree or much less. Hence, calculations of
the atomic structure with spherical symmetry are still
justified.
We have compared the atomic deformation to the nu-
clear deformation by using a qualitative model. We have
argued that the difference between them originates from
the properties of the inter-particle interactions. On one
hand, in the case of atoms, the interaction is purely repul-
sive, and the collective deformation does not occur. On
the other hand, in the case of atomic nuclei, the interac-
tion is of attractive in net, and the collective deformation
can occur.
While the collective deformations of nuclei have clearly
been observed by the gamma-ray spectroscopy of their
rotational spectra of Eq. (1), the atomic deformations
studied in this work are neither significant nor collective,
and therefore should not show similar rotational spectra.
One rather needs to directly probe the density distri-
bution of the electrons to experimentally test the defor-
mations found by our numerical calculations. It would
be rather challenging but we expect that they may be di-
rectly observed with recent atomic and molecular physics
technology, such as photo-ionization microscopy [94, 95],
or tomographic imaging [96].
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Appendix A: Deformation of neutron drop in a
harmonic trap
In this Appendix, we discuss an illustrative case of
deformed systems: that is, a neutron drop trapped in
a spherical harmonic potential. Even though neutron
drops are fictitious, they provide useful systems to bench-
mark many-body theories [97–103], as the density can be
controlled by changing the strength of the trapping po-
tential. They have also been utilized in connection with
neutron-rich nuclei and neutron stars [104].
Although the interaction between neutrons is attrac-
tive, in contrast to the interaction between electrons, typ-
ical nuclear interactions are not strong enough so that
systems consisting solely of neutrons are not bound by
themselves. To study properties of many-neutron sys-
tems, one thus needs to introduce an external confining
potential, analogously to the electron-nucleus external
potential in atoms. In this Appendix, to localize the
neutrons in neutron drops, we use an isotropic harmonic
oscillator potential,
Vext (r) =
1
2
mnΩ
2r2, (A1)
where mn is the neutron mass. To take into account the
interaction between neutrons, we employ the relativistic
mean-field theory, which is based on a meson-exchange
model [76, 105]. We adopt the PK1 parameter set [106]
for the nucleon-meson couplings. In our numerical cal-
culations, the single-particle orbitals are represented on
3-dimensional lattice in the real space [107, 108].
Table III shows the root-mean-square radii
〈
r2
〉1/2
and the quadrupole deformation parameters βz for the
8n, 10n, and 14n systems for different strengths of the
external harmonic potential given by Eq (A1). Here,
Nn denotes the system with N neutrons. Only βz is
shown in the table, since all the systems studied here
are found to be axially symmetric with respect to the
z axis, that is, βx = βy = −βz/2. The 8n system is
always spherical because of the shell closure at N = 8,
which is one of the well-known magic numbers of nuclei
(2, 8, 20, . . . ). The neutron configuration in this case is(
1s1/2
)2 (
1p3/2
)4 (
1p1/2
)2
. As is expected, the radius be-
comes smaller as the external potential becomes strong.
In contrast to 8n, the 10n system is well deformed pro-
lately for any value of ~Ω examined here. The deforma-
tion as well as the radius decreases with the strength of
the external potential, ~Ω, since the role of the spher-
ical confining potential increases as a function of ~Ω.
The 14n system is softer against deformation than 10n.
It is oblately deformed when ~Ω is not too large. For
~Ω = 10 MeV, it becomes spherical with the configura-
tion of
(
1s1/2
)2 (
1p3/2
)4 (
1p1/2
)2 (
1d5/2
)6
.
Figures 5 and 6 show the density distributions of the
10n and 14n systems, respectively. The density distri-
bution of 10n (Fig. 5) becomes more compact as ~Ω in-
creases, while keeping similar shapes. On the other hand,
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TABLE III. The root-mean-squared radii
〈
r2
〉1/2
and the
quadrupole deformation parameters βz of the neutron drops
8n, 10n, and 14n for different values of the curvature ~Ω of the
confining potential. All the solutions shown here are found to
be axially symmetric.
System ~Ω (MeV)
〈
r2
〉1/2
(fm) βz
8n 5 3.45 0.00
8 2.95 0.00
10 2.75 0.00
10n 5 3.67 0.34
8 3.14 0.28
10 2.91 0.23
14n 5 3.91 −0.31
8 3.32 −0.20
10 3.08 0.00
the shape of 14n drastically changes with ~Ω from oblate
to spherical shape.
Evidently, neutrons trapped in an isotropic harmonic-
oscillator potential can be collectively deformed for open-
shell systems, such as 10n and 14n, in contrast to elec-
trons in atoms, as is argued in Sec. IV. As expected, the
spherically symmetric external field tends to suppress the
deformation parameter as well as the radius of the sys-
tem.
Appendix B: Numerical data
All the numerical data related to the main part of the
paper are shown in Tables IV–XIII.
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FIG. 5. The neutron density distribution of 10n on the yz
plane for (a) ~Ω = 5 MeV, (b) ~Ω = 8 MeV, and (c) ~Ω =
10 MeV. The vertical axis corresponds to the symmetry axis.
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TABLE IV. The root-mean radii, Z
〈
r2
〉
, the quadrupole moments, Q, and the deformation parameters, β, calculated with
the unrestricted Hartree-Fock method with the 6-31+G basis. Configurations of the valence electrons calculated by the natural
orbital analysis are also shown.
Atom Z Mult. Energy Z
〈
r2
〉
Qx Qy Qz βx βy βz Config.
Li 3 2 −7.4315 18.2800 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s1.00
Be 4 1 −14.5696 17.3430 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00
B 5 2 −24.5237 15.9020 −2.4718 −2.4718 +4.9435 −0.1232 −0.1232 +0.2464 2s2.00 2p1.00
C 6 3 −37.6809 13.8214 +1.4877 +1.4877 −2.9754 +0.0853 +0.0853 −0.1706 2s2.00 2p2.00
N 7 4 −54.3863 12.1756 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p3.00
O 8 3 −74.7835 11.3088 −0.9747 −0.9747 +1.9496 −0.0683 −0.0683 +0.1367 2s2.00 2p3.99 3p0.01
F 9 2 −99.3675 10.3172 +0.6952 +0.6952 −1.3904 +0.0534 +0.0534 −0.1068 2s2.00 2p5.00
Ne 10 1 −128.4835 9.4321 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p6.00
Na 11 2 −161.8414 27.1816 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s1.00
Mg 12 1 −199.5953 29.6206 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00
Al 13 2 −241.8545 33.4055 −5.5694 −5.5694 +11.1387 −0.1322 −0.1322 +0.2643 3s2.00 3p1.00
Si 14 3 −288.8288 32.2974 +3.5934 +3.5934 −7.1869 +0.0882 +0.0882 −0.1764 3s2.00 3p2.00
P 15 4 −340.6894 30.3267 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p3.00
S 16 3 −397.4722 29.2999 −2.3199 −2.3199 +4.6397 −0.0628 −0.0628 +0.1255 3s2.00 3p4.00
Cl 17 2 −459.4438 27.7141 +1.7509 +1.7509 −3.5020 +0.0501 +0.0501 −0.1002 3s2.00 3p5.00
Ar 18 1 −526.7731 26.0836 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p6.00
K 19 2 −599.1190 51.2038 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00
Ca 20 1 −676.7079 56.6004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00
Sc 21 2 −759.6763 53.1310 +0.2094 +0.2094 −0.4189 +0.0031 +0.0031 −0.0062 4s1.99 3d1.00
Ti 22 3 −848.3215 50.2245 −0.1626 −0.1626 +0.3250 −0.0026 −0.0026 +0.0051 4s1.99 3d2.00
V 23 4 −942.7941 47.6799 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.99 3d3.00 5s0.01
Cr 24 7 −1043.2424 37.9685 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00 3d5.00
Mn 25 6 −1149.6148 37.0228 +0.7490 +0.7490 −1.4982 +0.0160 +0.0160 −0.0321 4s1.00 3d5.98 4d0.02
Fe 26 5 −1262.2043 35.7532 −0.5400 −0.5400 +1.0797 −0.0120 −0.0120 +0.0239 4s1.00 3d6.99 4d0.01
Co 27 4 −1381.1643 34.5419 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00 3d8.00
Ni 28 3 −1506.5944 33.4315 −0.4075 −0.4075 +0.8148 −0.0097 −0.0097 +0.0193 4s1.00 3d9.00
Cu 29 2 −1638.6938 32.2616 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00 3d10.00
Zn 30 1 −1777.5332 35.0221 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 3d10.00
Ga 31 2 −1921.1399 41.4244 −5.5787 −5.5787 +11.1575 −0.1068 −0.1068 +0.2135 4s2.00 4p1.00
Ge 32 3 −2073.0829 42.1351 +3.9175 +3.9175 −7.8353 +0.0737 +0.0737 −0.1474 4s2.00 4p2.00
As 33 4 −2231.8086 41.4771 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p3.00
Se 34 3 −2397.3677 41.6200 −2.8141 −2.8141 +5.6285 −0.0536 −0.0536 +0.1072 4s2.00 4p4.00
Br 35 2 −2569.7593 40.7722 +2.2376 +2.2376 −4.4751 +0.0435 +0.0435 −0.0870 4s2.00 4p5.00
Kr 36 1 −2749.2009 39.7020 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p6.00
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TABLE V. Same as Table IV, but with the dAug-CC-pV5Z basis.
Atom Z Mult. Energy Z
〈
r2
〉
Qx Qy Qz βx βy βz Config.
Li 3 2 −7.4327 18.6252 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s1.00
Be 4 1 −14.5730 17.3210 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00
B 5 2 −24.5331 15.7731 −2.4912 −2.4912 +4.9823 −0.1252 −0.1252 +0.2504 2s1.99 2p1.00 3d0.01
C 6 3 −37.6937 13.7574 +1.4846 +1.4846 −2.9689 +0.0855 +0.0855 −0.1711 2s1.99 2p2.00
N 7 4 −54.4045 12.0782 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p3.00
O 8 3 −74.8188 11.2130 −0.9517 −0.9517 +1.9037 −0.0673 −0.0673 +0.1346 2s2.00 2p3.99 3p0.01
F 9 2 −99.4161 10.2470 +0.6738 +0.6738 −1.3476 +0.0521 +0.0521 −0.1042 2s2.00 2p5.00
Ne 10 1 −128.5468 9.3741 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p6.00
Na 11 2 −161.8587 27.1413 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s1.00
Al 13 2 −241.8807 33.1885 −5.7634 −5.7634 +11.5268 −0.1377 −0.1377 +0.2753 3s1.99 3p1.00 3d0.01
Si 14 3 −288.8588 32.1436 +3.6302 +3.6302 −7.2605 +0.0895 +0.0895 −0.1790 3s1.99 3p2.00 3d0.01
P 15 4 −340.7192 30.2655 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p3.00
S 16 3 −397.5132 29.1710 −2.1695 −2.1695 +4.3391 −0.0590 −0.0590 +0.1179 3s1.99 3p4.00 3d0.01
Cl 17 2 −459.4897 27.6256 +1.6258 +1.6258 −3.2517 +0.0466 +0.0466 −0.0933 3s2.00 3p5.00
Ar 18 1 −526.8173 26.0376 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p6.00
Sc 21 2 −759.7408 53.1077 +0.1976 +0.1976 −0.3955 +0.0029 +0.0029 −0.0059 4s1.99 3d1.00
Ti 22 3 −848.4026 50.2023 −0.1508 −0.1508 +0.3016 −0.0024 −0.0024 +0.0048 4s2.00 3d2.00
V 23 4 −942.8935 47.6556 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.99 3d3.00 5s0.01
Cr 24 7 −1043.3567 37.6585 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00 3d5.00
Mn 25 6 −1149.7533 36.7555 +0.6276 +0.6276 −1.2551 +0.0135 +0.0135 −0.0271 4s1.00 3d5.99 4d0.01
Fe 26 5 −1262.3743 35.4942 −0.4318 −0.4318 +0.8636 −0.0096 −0.0096 +0.0193 4s1.00 3d6.99 4d0.01
Co 27 4 −1381.3674 34.2853 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00 3d8.00
Ni 28 3 −1506.8305 33.1827 +0.2806 +0.3348 −0.6154 +0.0067 +0.0080 −0.0147 4s1.00 3d9.00
Cu 29 2 −1638.9574 36.3225 −0.0156 −0.2304 +0.2462 0.0003 −0.0050 +0.0054 4s2.00 3d9.00
Zn 30 1 −1777.8480 34.9792 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 3d10.00
Ga 31 2 −1923.2644 40.7328 −5.6952 −5.6952 +11.3903 −0.1108 −0.1108 +0.2217 4s1.99 4p1.00 4d0.01
Ge 32 3 −2075.3638 41.5004 +3.9233 +3.9233 −7.8466 +0.0749 +0.0749 −0.1499 4s1.99 4p2.00 4d0.01
As 33 4 −2234.2398 41.0402 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p3.00
Se 34 3 −2399.8753 41.1769 −2.5759 −2.5759 +5.1518 −0.0496 −0.0496 +0.0992 4s2.00 4p4.00
Br 35 2 −2572.4483 40.5058 +2.0362 +2.0362 −4.0723 +0.0398 +0.0398 −0.0797 4s2.00 4p5.00
Kr 36 1 −2752.0549 39.5314 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p6.00
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TABLE VI. Same as Table IV, but with the STO-3G basis.
Atom Z Mult. Energy Z
〈
r2
〉
Qx Qy Qz βx βy βz Config.
Li 3 2 −7.3155 13.0955 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s1.00
Be 4 1 −14.3519 12.3657 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00
B 5 2 −24.1490 10.6497 −1.3369 −1.3369 +2.6738 −0.0995 −0.0995 +0.1990 2s2.00 2p1.00
C 6 3 −37.1984 10.5788 +1.0169 +1.0169 −2.0335 +0.0762 +0.0762 −0.1524 2s2.00 2p2.00
N 7 4 −53.7190 10.1785 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p3.00
O 8 3 −73.8042 9.1334 −0.5942 −0.5942 +1.1884 −0.0516 −0.0516 +0.1031 2s2.00 2p4.00
F 9 2 −97.9865 8.2689 +0.4626 +0.4626 −0.9252 +0.0443 +0.0443 −0.0887 2s2.00 2p5.00
Ne 10 1 −126.6045 7.3940 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2s2.00 2p6.00
Na 11 2 −159.6684 12.1291 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s1.00
Mg 12 1 −197.0074 15.6258 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00
Al 13 2 −238.8584 19.1823 −2.0286 −2.0286 +4.0571 −0.0838 −0.0838 +0.1677 3s2.00 3p1.00
Si 14 3 −285.4662 22.0780 +1.9050 +1.9050 −3.8102 +0.0684 +0.0684 −0.1368 3s2.00 3p2.00
P 15 4 −336.8688 22.6495 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p3.00
S 16 3 −393.1302 22.8523 −1.3907 −1.3907 +2.7811 −0.0482 −0.0482 +0.0965 3s2.00 3p4.00
Cl 17 2 −454.5422 24.7260 +1.3180 +1.3180 −2.6361 +0.0423 +0.0423 −0.0845 3s2.00 3p5.00
Ar 18 1 −521.2229 22.9344 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3s2.00 3p6.00
K 19 2 −593.0778 33.1098 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s1.00
Ca 20 1 −669.9889 42.2174 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00
Sc 21 2 −751.9936 44.3275 +2.4323 +2.4323 −4.8643 +0.0435 +0.0435 −0.0870 4s1.98 3d1.02
Ti 22 3 −839.5552 36.4583 −0.8418 −0.8418 +1.6833 −0.0183 −0.0183 +0.0366 4s1.99 3d2.01
V 23 4 −932.3822 51.8131 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p3.00
Cr 24 7 −1031.9037 43.3117 −0.4164 −0.4164 +0.8326 −0.0076 −0.0076 +0.0152 4s1.00 3d2.00 4p3.00
Mn 25 6 −1137.6484 31.6207 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 3d5.00
Fe 26 5 −1249.0414 41.1316 −3.8513 −3.8513 +7.7028 −0.0742 −0.0742 +0.1484 4s2.00 3d5.00 4p1.00
Co 27 4 −1366.3895 48.9607 +3.8432 +3.8432 −7.6865 +0.0622 +0.0622 −0.1244 4s2.00 3d5.00 4p2.00
Ni 28 3 −1490.1299 46.3092 +3.8145 +3.8145 −7.6292 +0.0653 +0.0653 −0.1306 4s2.00 3d6.00 4p2.00
Cu 29 2 −1620.3878 37.6504 −3.5702 −3.5702 +7.1405 −0.0752 −0.0752 +0.1503 4s2.00 3d8.00 4p1.00
Zn 30 1 −1757.1763 35.4563 −4.8110 −4.8110 +9.6221 −0.1076 −0.1076 +0.2151 4s2.00 3d8.00 4p2.00
Ga 31 2 −1900.7285 31.3321 −2.8420 −2.8420 +5.6842 −0.0719 −0.0719 +0.1438 4s2.00 4p1.00
Ge 32 3 −2051.6363 32.0788 +2.3143 +2.3143 −4.6288 +0.0572 +0.0572 −0.1144 4s2.00 4p2.00
As 33 4 −2209.2637 33.7744 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p3.00
Se 34 3 −2373.5273 35.4117 −1.8814 −1.8814 +3.7627 −0.0421 −0.0421 +0.0842 4s2.00 4p4.00
Br 35 2 −2544.6368 35.2509 +1.6414 +1.6414 −3.2825 +0.0369 +0.0369 −0.0738 4s2.00 4p5.00
Kr 36 1 −2722.7060 34.8481 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4s2.00 4p6.00
Rb 37 2 −2907.6043 44.3734 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s1.00
Sr 38 1 −3099.1167 51.3762 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s2.00
Y 39 2 −3297.3418 58.4961 +0.9769 +0.9769 −1.9539 +0.0132 +0.0132 −0.0265 5s1.72 4d1.28
Zr 40 3 −3503.0360 53.2014 −1.2644 −1.2644 +2.5289 −0.0188 −0.0188 +0.0377 5s1.81 4d2.19
Nb 41 6 −3715.8900 45.9028 +1.1380 +1.1380 −2.2759 +0.0197 +0.0197 −0.0393 5s1.00 4d4.00
Mo 42 7 −3935.8966 43.4772 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s1.00 4d5.00
Tc 43 6 −4163.2052 49.5440 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s2.00 4d5.00
Ru 44 5 −4397.7215 50.7468 +0.6444 +0.6444 −1.2887 +0.0101 +0.0101 −0.0201 5s2.00 4d6.00
Rh 45 4 −4639.7207 49.6014 −0.5554 −0.5554 +1.1108 −0.0089 −0.0089 +0.0178 5s2.00 4d7.00
Pd 46 1 −4889.1921 48.0030 +0.9705 +0.9705 −1.9409 +0.0160 +0.0160 −0.0321 5s2.00 4d8.00
Ag 47 2 −5146.5464 47.5080 −0.6013 −0.3270 +0.9283 −0.0100 −0.0055 +0.0155 5s2.00 4d9.00
Cd 48 1 −5411.5327 41.7214 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s2.00 4d10.00
In 49 2 −5682.7774 47.0137 −3.2899 −3.2899 +6.5798 −0.0555 −0.0555 +0.1109 5s2.00 5p1.00
Sn 50 3 −5963.2061 50.2820 +2.9919 +2.9919 −5.9838 +0.0472 +0.0472 −0.0943 5s2.00 5p2.00
Sb 51 4 −6251.3625 54.2873 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s2.00 5p3.00
Te 52 3 −6547.1224 56.9144 −2.6502 −2.6502 +5.3004 −0.0369 −0.0369 +0.0738 5s2.00 5p4.00
I 53 2 −6850.6762 57.2039 +2.3607 +2.3607 −4.7214 +0.0327 +0.0327 −0.0654 5s2.00 5p5.00
Xe 54 1 −7162.1042 56.8048 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 5s2.00 5p6.00
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TABLE VII. The root-mean radii, Z
〈
r2
〉
, the quadrupole moments, Q, and the deformation parameters, β, for Al, Cu, and
Ga calculated with the several many-body calculation methods with the 6-31+G basis. Configurations of the valence electrons
calculated by the natural orbital analysis are also shown.
Atom Method Energy Z
〈
r2
〉
Qx Qy Qz βx βy βz Config.
Al UHF −241.8545 33.4055 −5.5694 −5.5694 +11.1387 −0.1322 −0.1322 +0.2643 3s2.00 3p1.00 4s0.00 4p0.00
Al CCD −241.8839 33.8409 −5.7148 −5.7148 +11.4296 −0.1339 −0.1339 +0.2677 3s1.91 3p1.07 4s0.01 4p0.02
Al CCSD −241.8841 33.8935 −5.7422 −5.7422 +11.4842 −0.1343 −0.1343 +0.2686 3s1.91 3p1.07 4s0.01 4p0.02
Al CID −241.8839 33.8409 −5.7148 −5.7148 +11.4296 −0.1339 −0.1339 +0.2677 3s1.91 3p1.07 4s0.01 4p0.02
Al CISD −241.8840 33.8814 −5.7367 −5.7367 +11.4733 −0.1342 −0.1342 +0.2684 3s1.91 3p1.07 4s0.01 4p0.02
Al MP2 −241.8717 33.7371 −5.7126 −5.7126 +11.4254 −0.1342 −0.1342 +0.2684 3s1.97 3p1.02 4s0.00 4p0.01
Al MP3 −241.8791 33.8428 −5.7476 −5.7476 +11.4952 −0.1346 −0.1346 +0.2692 3s1.94 3p1.04 4s0.00 4p0.01
Al MP4 −241.8822 33.8727 −5.7491 −5.7491 +11.4983 −0.1345 −0.1345 +0.2691 3s1.92 3p1.06 4s0.01 4p0.01
Al LDA −241.2799 32.8660 −5.5932 −5.5932 +11.1867 −0.1349 −0.1349 +0.2698 3s2.00 3p1.00 4s0.00 4p0.00
Cu UHF −1638.6938 32.2616 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d10.00 4s1.00 4p0.00 4d0.00
Cu CCD −1638.9170 32.2339 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.91 4s0.99 4p0.02 4d0.07
Cu CCSD −1638.9226 32.3642 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.90 4s0.99 4p0.02 4d0.08
Cu CID −1638.9035 32.2233 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.93 4s0.99 4p0.01 4d0.06
Cu CISD −1638.9101 32.2921 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.91 4s0.99 4p0.02 4d0.07
Cu MP2 −1638.9657 32.4330 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.88 4s1.00 4p0.01 4d0.12
Cu MP3 −1638.8891 32.1425 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.95 4s0.99 4p0.01 4d0.04
Cu MP4 −1638.9490 32.5433 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d9.84 4s1.00 4p0.02 4d0.14
Cu LDA −1637.4831 31.5039 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d10.00 4s1.00 4p0.00 4d0.00
Ga UHF −1921.1399 41.4244 −5.5787 −5.5787 +11.1575 −0.1068 −0.1068 +0.2135 4s2.00 4p1.00 5s0.00 5p0.00
Ga CCD −1921.1686 41.7576 −5.6909 −5.6909 +11.3819 −0.1080 −0.1080 +0.2161 4s1.92 4p1.06 5s0.01 5p0.01
Ga CCSD −1921.1688 41.8071 −5.7146 −5.7146 +11.4292 −0.1083 −0.1083 +0.2167 4s1.92 4p1.06 5s0.01 5p0.02
Ga CID −1921.1686 41.7576 −5.6909 −5.6909 +11.3819 −0.1080 −0.1080 +0.2161 4s1.92 4p1.06 5s0.01 5p0.01
Ga CISD −1921.1688 41.7947 −5.7092 −5.7092 +11.4187 −0.1083 −0.1083 +0.2166 4s1.92 4p1.06 5s0.01 5p0.02
Ga MP2 −1921.1576 41.6788 −5.6963 −5.6963 +11.3923 −0.1083 −0.1083 +0.2167 4s1.97 4p1.02 5s0.00 5p0.01
Ga MP3 −1921.1646 41.7557 −5.7190 −5.7190 +11.4381 −0.1086 −0.1086 +0.2171 4s1.95 4p1.04 5s0.00 5p0.01
Ga MP4 −1921.1673 41.7795 −5.7177 −5.7177 +11.4356 −0.1085 −0.1085 +0.2170 4s1.93 4p1.05 5s0.01 5p0.01
Ga LDA −1919.7297 40.5292 −5.6550 −5.6550 +11.3100 −0.1106 −0.1106 +0.2212 4s2.00 4p1.00 5s0.00 5p0.00
TABLE VIII. Same as Table VII, but with the dAug-CC-pV5Z basis.
Atom Method Energy Z
〈
r2
〉
Qx Qy Qz βx βy βz Config.
Al UHF −241.8807 33.1885 −5.7634 −5.7634 +11.5268 −0.1377 −0.1377 +0.2753 3s1.99 3p1.00 3d0.01 4p0.00
Al CCD −241.9324 32.5801 −5.2419 −5.2419 +10.4841 −0.1275 −0.1275 +0.2551 3s1.90 3p1.05 3d0.03 4p0.01
Al CCSD −241.9332 32.5620 −5.2529 −5.2529 +10.5055 −0.1279 −0.1279 +0.2557 3s1.89 3p1.05 3d0.04 4p0.01
Al CID −241.9324 32.5801 −5.2419 −5.2419 +10.4841 −0.1275 −0.1275 +0.2551 3s1.90 3p1.05 3d0.03 4p0.01
Al CISD −241.9333 32.5568 −5.2513 −5.2513 +10.5029 −0.1279 −0.1279 +0.2557 3s1.89 3p1.06 3d0.04 4p0.01
Al MP2 −241.9199 32.8683 −5.4066 −5.4066 +10.8129 −0.1304 −0.1304 +0.2608 3s1.95 3p1.02 3d0.02 4p0.01
Al MP3 −241.9283 32.7040 −5.2941 −5.2941 +10.5885 −0.1283 −0.1283 +0.2566 3s1.92 3p1.03 3d0.03 4p0.01
Al MP4 −241.9314 32.6312 −5.2596 −5.2596 +10.5194 −0.1278 −0.1278 +0.2555 3s1.91 3p1.04 3d0.03 4p0.01
Al LDA −241.3109 32.9046 −5.4817 −5.4817 +10.9637 −0.1321 −0.1321 +0.2641 3s2.00 3p1.00 3d0.00 4p0.00
Cu UHF −1638.9574 36.3225 −0.0156 −0.2304 +0.2462 −0.0003 −0.0050 +0.0054 3d9.00 4s2.00 4p0.00 4d0.00 4f0.00 5s0.00 5p0.00
Cu CCD −1639.3940 34.4852 +0.1256 −0.2824 +0.1568 +0.0029 −0.0065 +0.0036 3d8.91 4s1.91 4p0.09 4d0.05 4f0.02 5s0.00 5p0.01
Cu CCSD −1639.3988 34.7050 +0.0187 −0.3167 +0.2980 +0.0004 −0.0072 +0.0068 3d8.91 4s1.90 4p0.09 4d0.05 4f0.02 5s0.01 5p0.01
Cu CID −1639.3686 34.6404 +0.0560 −0.2844 +0.2284 +0.0013 −0.0065 +0.0052 3d8.93 4s1.96 4p0.04 4d0.04 4f0.02 5s0.00 5p0.00
Cu CISD −1639.3717 34.6775 +0.0999 −0.2904 +0.1905 +0.0023 −0.0066 +0.0044 3d8.92 4s1.96 4p0.04 4d0.04 4f0.02 5s0.00 5p0.00
Cu MP2 −1639.4302 34.3392 −0.1485 −0.2480 +0.3968 −0.0034 −0.0057 +0.0092 3d8.89 4s1.95 4p0.05 4d0.07 4f0.02 5s0.00 5p0.00
Cu MP3 −1639.3866 34.4844 −0.0161 −0.2404 +0.2565 −0.0004 −0.0055 +0.0059 3d8.92 4s1.92 4p0.08 4d0.04 4f0.02 5s0.00 5p0.01
Cu MP4 −1639.4025 34.5798 +0.0410 −0.2632 +0.2224 +0.0009 −0.0060 +0.0051 3d8.90 4s1.91 4p0.09 4d0.06 4f0.02 5s0.00 5p0.01
Cu LDA −1637.7692 31.2608 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3d10.00 4s1.00 4p0.00 4d0.00 4f0.00 5s0.00 5p0.00
Ga UHF −1923.2644 40.7328 −5.6952 −5.6952 +11.3903 −0.1108 −0.1108 +0.2217 4s1.99 4p1.00 4d0.01 4f0.00 5s0.00 5p0.00 5d0.00
Ga CCD −1923.5235 39.7317 −5.1260 −5.1260 +10.2519 −0.1023 −0.1023 +0.2045 4s1.92 4p1.04 4d0.04 4f0.01 5s0.00 5p0.01 5d0.01
Ga CCSD −1923.5288 39.7447 −5.1447 −5.1447 +10.2892 −0.1026 −0.1026 +0.2052 4s1.92 4p1.04 4d0.05 4f0.01 5s0.01 5p0.02 5d0.01
Ga CID −1923.5088 39.7560 −5.2203 −5.2203 +10.4408 −0.1041 −0.1041 +0.2082 4s1.95 4p1.03 4d0.04 4f0.01 5s0.00 5p0.01 5d0.01
Ga CISD −1923.5141 39.7442 −5.2196 −5.2196 +10.4391 −0.1041 −0.1041 +0.2082 4s1.94 4p1.03 4d0.04 4f0.01 5s0.00 5p0.01 5d0.01
Ga MP2 −1923.5387 39.7807 −5.1518 −5.1518 +10.3039 −0.1027 −0.1027 +0.2053 4s1.95 4p1.02 4d0.05 4f0.01 5s0.00 5p0.01 5d0.01
Ga MP3 −1923.5151 39.8152 −5.1556 −5.1556 +10.3115 −0.1026 −0.1026 +0.2053 4s1.93 4p1.03 4d0.04 4f0.01 5s0.00 5p0.01 5d0.01
Ga MP4 −1923.5338 39.7092 −5.1079 −5.1079 +10.2156 −0.1020 −0.1020 +0.2039 4s1.92 4p1.04 4d0.06 4f0.01 5s0.00 5p0.02 5d0.01
Ga LDA −1921.8127 39.9893 −5.4132 −5.4132 +10.8265 −0.1073 −0.1073 +0.2146 4s2.00 4p1.00 4d0.00 4f0.00 5s0.00 5p0.00 5d0.00
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FIG. 6. Same as Fig. 5, but for 14n.
TABLE IX. The single-particle quadrupole moments q
(sp)
i
and the single-particle root-mean-square radii
〈
r2
〉
nl
for the
occupied orbitals in the Al atom calculated by the unre-
stricted Hartree-Fock method with the 6-31+G basis. The
single-particle energy of each orbital, εj , and the correspond-
ing natural orbital (NO) are also shown.
Spin NO εj
〈
r2
〉
nl
q(sp)x q
(sp)
y q
(sp)
z
α 1s −58.4930 0.0195 0.0000 0.0000 0.0000
α 2s −4.9115 0.4591 0.0000 0.0000 0.0000
α 2pz −3.2244 0.4535 −0.1814 −0.1814 +0.3628
α 2px −3.2186 0.4561 +0.3648 −0.1824 −0.1824
α 2py −3.2186 0.4561 −0.1824 +0.3648 −0.1824
α 3s −0.4238 7.9466 0.0000 0.0000 0.0000
α 3pz −0.2099 13.9269 −5.5708 −5.5708 +11.1416
β 1s −58.4903 0.0195 0.0000 0.0000 0.0000
β 2s −4.9081 0.4588 0.0000 0.0000 0.0000
β 2px −3.2173 0.4557 +0.3646 −0.1823 −0.1823
β 2py −3.2173 0.4557 −0.1823 +0.3646 −0.1823
β 2pz −3.2080 0.4547 −0.1819 −0.1819 +0.3637
β 3s −0.3628 7.8434 0.0000 0.0000 0.0000
Total 33.4055 −5.5693 −5.5693 +11.1387
TABLE X. Same as Table IX, but for the Sc atom.
Spin NO εj
〈
r2
〉
nl
q(sp)x q
(sp)
y q
(sp)
z
α 1s −165.8952 0.0073 0.0000 0.0000 0.0000
α 2s −19.0956 0.1393 0.0000 0.0000 0.0000
α 2pz −15.6861 0.1162 −0.0465 −0.0465 +0.0930
α 2px −15.6830 0.1164 +0.0931 −0.0466 −0.0466
α 2py −15.6830 0.1164 −0.0466 +0.0931 −0.0466
α 3s −2.5988 1.3396 +0.0016 +0.0016 −0.0031
α 3px −1.6232 1.6265 +1.3012 −0.6506 −0.6506
α 3py −1.6232 1.6265 −0.6506 +1.3012 −0.6506
α 3pz −1.5893 1.6107 −0.6443 −0.6443 +1.2886
α 3dxy −0.3375 3.7873 +1.0821 +1.0821 −2.1642
α 4s −0.2171 17.4198 +0.1076 +0.1076 −0.2152
β 1s −165.8951 0.0073 0.0000 0.0000 0.0000
β 2s −19.0832 0.1391 −0.0001 −0.0001 +0.0001
β 2pz −15.6837 0.1162 −0.0465 −0.0465 +0.0929
β 2px −15.6657 0.1161 +0.0929 −0.0464 −0.0464
β 2py −15.6657 0.1161 −0.0464 +0.0929 −0.0464
β 3s −2.5451 1.3370 −0.0194 −0.0194 +0.0387
β 3pz −1.5798 1.6156 −0.6462 −0.6462 +1.2925
β 3px −1.5273 1.6196 +1.2957 −0.6478 −0.6478
β 3py −1.5273 1.6196 −0.6478 +1.2957 −0.6478
β 4s −0.2051 18.5388 −0.9703 −0.9703 +1.9406
Total 53.1312 +0.2095 +0.2095 −0.4189
TABLE XI. Same as Table IX, but for the Ti atom.
Spin NO εj
〈
r2
〉
nl
q(sp)x q
(sp)
y q
(sp)
z
α 1s −183.2759 0.0066 0.0000 0.0000 0.0000
α 2s −21.4572 0.1250 0.0000 0.0000 0.0000
α 2px −17.8273 0.1034 +0.0827 −0.0414 −0.0414
α 2py −17.8273 0.1034 −0.0414 +0.0827 −0.0414
α 2pz −17.8244 0.1036 −0.0414 −0.0414 +0.0829
α 3s −2.9463 1.1792 −0.0016 −0.0016 +0.0032
α 3pz −1.9071 1.4095 −0.5638 −0.5638 +1.1276
α 3px −1.8680 1.4017 +1.1213 −0.5607 −0.5607
α 3py −1.8680 1.4017 −0.5607 +1.1213 −0.5607
α 3dyz −0.4248 2.8534 −1.6305 +0.8153 +0.8153
α 3dzx −0.4248 2.8534 +0.8153 −1.6305 +0.8153
α 4s −0.2338 15.4686 +0.0616 +0.0616 −0.1232
β 1s −183.2754 0.0066 0.0000 0.0000 0.0000
β 2s −21.4247 0.1247 +0.0001 +0.0001 −0.0001
β 2px −17.8015 0.1031 +0.0825 −0.0412 −0.0412
β 2py −17.8015 0.1031 −0.0412 +0.0825 −0.0412
β 2pz −17.7791 0.1030 −0.0412 −0.0412 +0.0824
β 3s −2.8211 1.1778 +0.0172 +0.0172 −0.0344
β 3px −1.7472 1.4036 +1.1229 −0.5614 −0.5614
β 3py −1.7472 1.4036 −0.5614 +1.1229 −0.5614
β 3pz −1.6867 1.4105 −0.5642 −0.5642 +1.1284
β 4s −0.2112 17.3797 +0.5815 +0.5815 −1.1629
Total 50.2249 −0.1625 −0.1625 +0.3249
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TABLE XII. Same as Table IX, but for the Ni atom.
Spin NO εj
〈
r2
〉
nl
q(sp)x q
(sp)
y q
(sp)
z
α 1s −305.4079 0.0040 0.0000 0.0000 0.0000
α 2s −37.7247 0.0720 0.0000 0.0000 −0.0001
α 2px −32.7657 0.0574 +0.0459 −0.0230 −0.0230
α 2py −32.7657 0.0574 −0.0230 +0.0459 −0.0230
α 2pz −32.7281 0.0574 −0.0229 −0.0229 +0.0459
α 3s −4.7265 0.6527 +0.0073 +0.0073 −0.0147
α 3px −3.1649 0.7371 +0.5897 −0.2948 −0.2948
α 3py −3.1649 0.7371 −0.2948 +0.5897 −0.2948
α 3pz −3.0843 0.7415 −0.2966 −0.2966 +0.5932
α 3dx2−y2 −0.5446 1.4257 +0.4073 +0.4073 −0.8147
α 3dxy −0.4962 1.5120 +0.4320 +0.4320 −0.8640
α 3dyz −0.4616 1.5739 −0.8994 +0.4497 +0.4497
α 3dzx −0.4616 1.5739 +0.4497 −0.8994 +0.4497
α 3dz2 −0.4493 1.5996 −0.4427 −0.4427 +0.8854
α 4s −0.2395 13.2134 +0.1360 +0.1360 −0.2720
β 1s −305.4054 0.0040 0.0000 0.0000 0.0000
β 2s −37.6883 0.0719 0.0000 0.0000 0.0000
β 2px −32.7198 0.0572 +0.0458 −0.0229 −0.0229
β 2py −32.7198 0.0572 −0.0229 +0.0458 −0.0229
β 2pz −32.7194 0.0573 −0.0229 −0.0229 +0.0459
β 3s −4.6262 0.6549 −0.0005 −0.0005 +0.0010
β 3pz −3.0570 0.7407 −0.2963 −0.2963 +0.5926
β 3px −3.0065 0.7383 +0.5907 −0.2953 −0.2953
β 3py −3.0065 0.7383 −0.2953 +0.5907 −0.2953
β 3dxy −0.4702 1.4877 +0.4251 +0.4251 −0.8501
β 3dyz −0.4160 1.5895 −0.9083 +0.4541 +0.4541
β 3dzx −0.4160 1.5895 +0.4541 −0.9083 +0.4541
β 3dz2 −0.3977 1.6301 −0.4655 −0.4655 +0.9309
Total 33.4318 −0.4074 −0.4074 +0.8148
TABLE XIII. Same as Table IX, but for the Ga atom.
Spin NO εj
〈
r2
〉
nl
q(sp)x q
(sp)
y q
(sp)
z
α 1s −378.6802 0.0033 0.0000 0.0000 0.0000
α 2s −47.5198 0.0623 0.0000 0.0000 0.0000
α 2pz −42.4832 0.0452 −0.0181 −0.0181 +0.0362
α 2px −42.4826 0.0452 +0.0362 −0.0181 −0.0181
α 2py −42.4826 0.0452 −0.0181 +0.0362 −0.0181
α 3s −6.2558 0.5350 +0.0004 +0.0004 −0.0008
α 3px −4.4690 0.5485 +0.4388 −0.2194 −0.2194
α 3py −4.4690 0.5485 −0.2194 +0.4388 −0.2194
α 3pz −4.4678 0.5474 −0.2189 −0.2189 +0.4379
α 3dx2−y2 −1.1813 0.7753 +0.2215 +0.2215 −0.4430
α 3dxy −1.1813 0.7753 +0.2215 +0.2215 −0.4430
α 3dyz −1.1761 0.7753 −0.4430 +0.2215 +0.2215
α 3dzx −1.1761 0.7753 +0.2215 −0.4430 +0.2215
α 3dz2 −1.1743 0.7757 −0.2239 −0.2239 +0.4478
α 4s −0.4471 7.5754 +0.0036 +0.0036 −0.0072
α 4pz −0.2086 13.9574 −5.5830 −5.5830 +11.1659
β 1s −378.6792 0.0033 0.0000 0.0000 0.0000
β 2s −47.5192 0.0623 0.0000 0.0000 0.0000
β 2px −42.4823 0.0452 +0.0362 −0.0181 −0.0181
β 2py −42.4823 0.0452 −0.0181 +0.0362 −0.0181
β 2pz −42.4796 0.0452 −0.0181 −0.0181 +0.0362
β 3s −6.2535 0.5349 +0.0007 +0.0007 −0.0013
β 3px −4.4682 0.5483 +0.4386 −0.2193 −0.2193
β 3py −4.4682 0.5483 −0.2193 +0.4386 −0.2193
β 3pz −4.4585 0.5477 −0.2191 −0.2191 +0.4382
β 3dx2−y2 −1.1808 0.7753 +0.2215 +0.2215 −0.4430
β 3dxy −1.1808 0.7753 +0.2215 +0.2215 −0.4430
β 3dyz −1.1720 0.7753 −0.4430 +0.2215 +0.2215
β 3dzx −1.1720 0.7753 +0.2215 −0.4430 +0.2215
β 3dz2 −1.1691 0.7756 −0.2133 −0.2133 +0.4267
β 4s −0.3877 7.3770 −0.0070 −0.0070 +0.0139
Total 41.4245 −5.5788 −5.5788 +11.1576
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